Abstract. We use character theory of finite groups of Lie type to establish new results on representation varieties of Fuchsian groups, and also on probabilistic generation of groups of Lie type.
Introduction
The purpose of this paper is to apply some new character-theoretic results on finite groups of Lie type proved in [3] to the study of representation varieties of Fuchsian groups, and also to probabilistic generation of finite simple groups. Our results represent substantial advances on those obtained on these topics in [22] and [10] .
Recall that a Fuchsian group is a finitely generated non-elementary discrete group of isometries of the hyperbolic plane. These groups play important role in geometry, analysis and algebra; they have been studied extensively since the days of Fricke and Klein, who found presentations for them, which will be described below. Important examples of Fuchsian groups include free groups, the modular group, surface groups, the Hurwitz group and hyperbolic triangle groups in general.
In the past two decades there has been considerable renewed interest in Fuchsian groups and their homomorphisms to finite simple groups. This was partly motivated by Higman's conjecture that every Fuchsian group surjects to all large enough alternating groups, which was proved by Everitt [6] (see also Conder [5] ) in the oriented case. A probabilistic proof of Higman's conjecture which includes the non-oriented Fuchsian groups appeared in [21] .
A second motivation to study homomorphisms from Fuchsian groups to finite simple groups is the attempt to generalize various results on random generation of finite simple groups, for example by two elements [18] , by elements of orders 2 and 3 [19] , and so on. These results show that a random homomorphism from the free group F 2 , or from the modular group P SL 2 (Z), is an epimorphism (with some exceptions in the latter case). Can one obtain similar results for general Fuchsian groups?
The answer is positive if we study homomorphisms to alternating groups, but less is known for homomorphisms from Fuchsian groups to simple groups of Lie type. In [22] it is shown that random homomorphisms from oriented Fuchsian groups of genus at least 2 (and from non-oriented Fuchsian groups of genus at least 3) are onto. The remaining case of Fuchsian groups of very small genus has resisted all attacks so far.
Note that some Fuchsian groups do not surject to all large enough finite simple groups (for example the simple groups may not have elements of prescribed orders). Important results on Fuchsian generation of finite simple groups, focusing on hyperbolic triangle groups (which have genus zero) were obtained by Larsen, Lubotzky and Marion [11] , [12] using deformation theory. However, they do not cover random Fuchsian (or triangle) generation.
In [22, p.323] it was conjectured that a random homomorphism from any Fuchsian group to a finite simple classical group of large enough rank is onto. This paper establishes various cases of this conjecture.
We are also interested in representation varieties of Fuchsian groups and in studying their dimensions. By counting homomorphisms of Fuchsian groups to finite classical groups and using Lang-Weil estimates we draw conclusions concerning representation varieties.
Again, satisfactory results were obtained in [22] for Fuchsian groups genus at least 2 (at least 3 in the non-oriented case). Asymptotic results over fields of characteristic zero were subsequently obtained using deformation theory [10] , but the general case remained open. In this paper we manage to solve various instances of this challenging problem. Strong character bounds for finite groups of Lie type, recently obtained in [3] , play a major role in our proofs.
We now describe our results in detail. Let Γ be a co-compact Fuchsian group of genus g having d elliptic generators of orders m 1 , . . . , m d (all at least 2). Thus if Γ is orientation-preserving, it has a presentation of the following form:
and if Γ is non-orientation-preserving it has a presentation a 1 , . . . , a g , x 1 , . . . ,
(see [2] ). The measure of Γ is
where v = 2 if Γ is orientation-preserving and v = 1 if not. We assume throughout that Γ is not virtually abelian, which implies that vg + d ≥ 3. Write µ = µ(Γ). We will prove various results showing that (under some conditions), the number of homomorphisms from a Fuchsian group Γ to a classical group G = G n (q) is roughly |G| µ+1 , up to some multiplicative error terms. These error terms are relatively small when the dimension n is large and when q is much larger than n. We will then conclude that the dimension of the respective representation variety Hom(Γ, G n (K)) for algebraically closed fields K is roughly (µ + 1) dim G n (K), up to a small explicit additive error term. Define Theorem 1.1. There exist functions f, g : N → N such that the following statement holds. Suppose that n ≥ N 1 (Γ), q > f (n), and q ≡ 1(mod m i ) for all i. Then
This follows from [22] if the genus g of Γ is at least 2 (at least 3 if Γ is non-oriented), but is new for groups of genus 0 or 1, which are the most challenging cases.
For K an algebraically closed field, the representation variety of Γ in dimension n over K is defined to be R n,K (Γ) := Hom(Γ, GL n (K)). Using Theorem 1.1 we can get the following quite precise estimates for the dimension of this variety. Corollary 1.2. Suppose n ≥ N 1 (Γ), and let K be an algebraically closed field of characteristic not dividing
where
Γ is non-oriented), the exact value of dim R n,K (Γ) is given by [22, 1.9 ], but the above result covers all possible g.
Note that [10] contains asymptotic results for the dimensions of representation varieties of all Fuchsian groups in characteristic 0.
We also prove analogous results for other classical groups. To state these, let Γ be a Fuchsian group as above, suppose m i is odd for all i, and define
and if µ > 2, define
Suppose that m i is odd for all i, and let G n (q) be one of the classical groups Sp 2n (q), Ω 2n+1 (q), Ω ± 2n+2 (q), where q ≡ 1( mod 2m i ) for all i. Then provided q > f (n), the following hold (for suitable functions f, g).
Note that the assumption that the m i are odd is needed so that in the proof, elements of order m i can be chosen to satisfy the splitness condition required for the application of the character-theoretic bound given in Theorem 2.1. A similar comment applies to the assumptions in Theorems 1.8 -1.10 below.
As before, Theorem 1.3 leads to corresponding estimates for the dimensions of the representation varieties Hom(Γ, G n (K)) for an algebraically closed field K: Corollary 1.4. Suppose that all the m i are odd, µ > max (2, t(Γ)) and also n > max (N 3 (Γ), N 4 (Γ)), and let G n (q) be as in Theorem 1.3. Then for an algebraically closed field K of characteristic not dividing
We can use the above results to deduce consequences on random Fuchsian generation of classical groups. In the next result, for a finite group X denote by P Γ (X) the probability that a randomly chosen homomorphism in Hom(Γ, X) is an epimorphism.
For SL n (q) we prove the following.
Theorem 1.5. Let Γ be a Fuchsian group as above, and assume
Then for n ≥ νN 2 (Γ) + 2 m i , we have
This follows from [22, Theorem 1.6] for g ≥ 2 (g ≥ 3 if Γ is non-oriented) without any assumptions on µ or n. But it is new for g ≤ 1 -indeed, it partially proves the conjecture in [22, p.323] .
Taking g = 0, we can deduce the following generation result from Theorem 1.5. Recall that a group G is said to be (m 1 , . . . , m d )-generated if it is generated by elements g 1 , . . . , g d satisfying g
Define ν, N 2 (Γ) as above. Then for n ≥ νN 2 (Γ) + m i , and for all sufficiently large q such that q ≡ 1(mod m i ) for all i, the group SL n (q) is (m 1 , . . . , m d )-generated.
We can prove results of a similar flavour for the other classical groups. Let Γ be a Fuchsian group as above, and assume the following:
(a) all the m i are odd, and
m 2 i , and define
Theorem 1.7. Let Γ be a Fuchsian group, and assume conditions (a) and (b) above hold. Let G n (q) be Sp 2n (q), Ω 2n+1 (q), or Ω ± 2n+2 (q) with n > N 5 (Γ), and define Q = primes p {q : q = p a ≡ 1(mod 2m i ) ∀i}.
Then lim q→∞, q∈Q P Γ (G n (q)) = 1.
A deduction similar to Corollary 1.6 can be made concerning the (m 1 , . . . , m d )-generation of G n (q); we leave it to the interested reader to work this out.
Finally, we turn to versions of the above results for exceptional groups, provided the elliptic orders m i are not too small. In this case we are able to provide a precise formula for the dimension of the respective representation variety. For an algebraic group G and a positive integer m, let J m (G) be the variety {x ∈ G : x m = 1}. The dimensions of these varieties are given by [13] . Theorem 1.8. Let Γ be a Fuchsian group as above, and let G be a simple adjoint algebraic group of exceptional type over an algebraically closed field K of good characteristic. Suppose that m 1 · · · m d is coprime to 30 and also to char(K). Then
See Theorem 5.1 for a variant of this result for classical groups of small rank.
We also obtain results on random Fuchsian generation of exceptional groups of Lie type. Theorem 1.9. Let Γ be a Fuchsian group as above, and let G(q) denote a simple group of exceptional Lie type over F q . Suppose that m 1 · · · m d is coprime to 30, and define
Then lim q→∞, q∈Q P Γ (G(q)) = 1. In particular, for all sufficiently large such q, G(q) is a quotient of Γ.
Applying this in the important and challenging case where Γ is a triangle group, we obtain the following random triangle generation theorem for exceptional groups. Theorem 1.10. Let m 1 , m 2 , m 3 be positive integers that are coprime to 30 and let p be a good prime for the exceptional algebraic group G that does not divide m 1 m 2 m 3 . Let q = p a ≡ 1(mod m i ) for all i. Then, as q → ∞, the group G(q) = G Fq is randomly (m 1 , m 2 , m 3 )-generated. In particular, for all sufficiently large such q, G(q) is (m 1 , m 2 , m 3 )-generated.
Our results above on random Fuchsian generation and random triangle generation are novel.
A variety of important triangle generation results for finite simple groups G(q) of Lie type were obtained in [11, 12] using deformation theory. These results show that (under some assumptions on m 1 , m 2 , m 3 and the Lie type G), there are integers p 0 , e > 0 such that (i) for all primes p > p 0 and for all integers ≥ 1, the group G(p e ) is (m 1 , m 2 , m 3 )-generated, and
(ii) the set of primes p for which G(p ) is (m 1 , m 2 , m 3 )-generated for all ≥ 1 has positive density. While the triangle generation results of [11, 12] are more general than ours, they are non-effective. Consequently, the numbers p 0 and e cannot be given explicitly.
The generation result in Theorem 1.10 above has several advantages. First, it implies condition (i) with explicit p 0 := max(m 1 , m 2 , m 3 ) (with implicit e). Secondly, setting m = lcm(m 1 , m 2 , m 3 ) and a = φ(m), the Euler function of m, it implies that the group G(p a ) is (m 1 , m 2 , m 3 )-generated for all sufficiently large (a condition stronger than condition (i) with implicit e). Thirdly, it shows that the set of primes p satisfying condition (ii) includes all sufficiently large primes in the arithmetic progression {im + 1 : i ≥ 1} and so has density at least 1/a.
Character bounds
In this section we summarize the results in [3] on character ratios for groups of Lie type that we will need in our proofs.
Let K be an algebraically closed field of characteristic p > 0, G a connected reductive algebraic group over K, F : G → G a Frobenius endomorphism, and G = G F . For a subgroup L of G write L unip for the set of non-identity unipotent elements of L. For a fixed F , a Levi subgroup L of G will be called split, if it is an F -stable Levi subgroup of an F -stable proper parabolic subgroup of G. We define is simple of rank r and p is a good prime for G. Let g ∈ G be any element such that
where L is a split Levi subgroup of G. Then for any irreducible character χ of G,
We note that the function f above is explicit, see [3, Remark 1.2] . In order to apply Theorem 2.1, one needs information about the values α(L) for Levi subgroups L. For classical groups the following bound is proved in [3] . Table  1 .
In Table 1 , for G = F 4 or G 2 the symbolsÃ 1 ,Ã 2 refer to Levi subsystems consisting of short roots. For G = E 7 , there are two Levi subgroups A 5 and A 5 : using the notation for the fundamental roots α i (1 ≤ i ≤ 7) as in [4] , these are the Levi subgroups with fundamental roots {α i : i = 1, 3, 4, 5, 6} and {α i : i = 2, 4, 5, 6, 7} respectively. The notation A 4 , for instance, means that L = [L, L] has a simple factor of type A 4 . 
For calculating α-values in SL n (K), the following elementary result is sometimes useful.
We will also require the next result, taken from [23] . Suppose G is a simple algebraic group of rank r in good characteristic, and G = G(q) = G F is a finite quasisimple group of Lie type over F q . For a real number s, define 
Fuchsian groups and representation varieties
In this section we prove Theorems 1.1, 1.3 and 1.8, and also deduce Corollaries 1.2 and 1.4. For the proofs we need some sharp character bounds on specific elements of classical groups, which are given in the first subsection.
3.1. Some sharp character bounds. The first result gives a sharp bound on the character values of particular elements of GL n (q).
Proposition 3.1. Let n ≥ m ≥ 2 be integers, and write n = km + s with 0 ≤ s < m. Let q be a prime power such that q ≡ 1(mod m). Then the group GL n (q) contains an element x with the following properties:
An adjustment is needed if we require the element x to lie in SL n (q): Proposition 3.2. Let n, m, k, s and q be as in Proposition 3.1. Then the group SL n (q) contains an element x with the following properties:
We also prove analogous results for other classical groups: Proposition 3.3. Let n, m be integers with m odd, m ≥ 3 and n > m 3 3 . Suppose q ≡ 1(mod 2m), and let G = G n (q) be one of the classical groups Sp 2n (q), Ω 2n+1 (q), Ω ± 2n+2 (q). Then G n (q) contains an element x with the following properties:
, where c is a positive absolute constant; (iii) for all χ ∈ Irr(G n (q)),
Proof of Proposition 3.1
Let n, m be integers with n ≥ m ≥ 2, and let p be a prime and q = p a ≡ 1(mod m). Define G = GL n (K) where K =F p , and let F : G → G be the Frobenius endomorphism sending (a ij ) → (a q ij ), so that G := G F = GL n (q).
Let λ 1 , . . . , λ m be the m th roots of 1 in F * q . Write n = km+s with 0 ≤ s < m, and define
Then x has order m and
Given this, the conclusion of Proposition 3.1 follows immediately from Theorem 2.1. To prove (3.2) we apply Lemma 2.4.
Let y ∈ L be a semisimple element, taken to be a diagonal element in each factor GL(V i ). Let µ 1 , . . . , µ r be the distinct eigenvalues of y on V , and for each i write
so that j a ij is equal to k + 1 for 1 ≤ i ≤ s, and is equal to k for s
The sum in the right hand side of the above inequality is equal to a sum of squares of the form a 2 ij and (a ij − a i j ) 2 , and at least s(m − s) of the latter squares, with 1 ≤ i ≤ s and s + 1 ≤ i ≤ m, are nonzero. Hence the above inequality holds, and so
By Lemma 2.4, this establishes (3.2), completing the proof of Proposition 3.1.
Proof of Proposition 3.2
If n is not of the form km with m even, k odd, then we can choose x as in (3.1) to have determinant 1, and the proof goes through exactly as for Proposition 3.1 above.
So assume n = km with m even, k odd. In this case, taking λ 1 = 1, λ 2 = −1 we define
Then x has order m and determinant 1, and
So the proposition will follow from Theorem 2.1 once we prove
Let y ∈ L be as above in (3.3) . Then
The right hand side of the above inequality is equal to a sum of squares of the form (a ij − a i j ) 2 , and this sum is at least 2m − 2. Hence the above inequality holds if
which is true since the minimal dimension of a nontrivial semisimple class in G is 2n − 2. By Lemma 2.4 this proves (3.4).
For the proof of Proposition 3.3 we need the following two lemmas.
Lemma 3.4. Let K be an algebraically closed field, not of characteristic 2, let n ≥ 2 and let G be one of the simple algebraic groups Sp 2n (K), SO 2n+1 (K), SO 2n+2 (K). Suppose n = kr, and let L = GL k (K) r × T be a Levi subgroup of G, where T is a torus of rank 0, 0, 1, respectively. Then α(L) ≤ 1 2r .
Proof
For notational convenience we deal with the case where G = Sp 2n (K). The other cases are entirely similar.
Write
Let u ∈ L be a unipotent element, and for 1 ≤ l ≤ r write
To establish the lemma we need to show that
This is equal to
For x < y, write d ixy := a ix − a iy , and define
From the definition of e xy , we see that
In particular e xy ≥ 0, and so by (3.6),
This proves the inequality in (3.5), completing the proof of the lemma. Lemma 3.5. Let K be algebraically closed, not of characteristic 2, and let
Also dim u X ≥ ns by [20, 3.4] . The conclusion follows.
Proof of Proposition 3.3
Let m ≥ 3 be odd, n > 
r be the m th roots of 1 in F q that are distinct from ±1. Write G = G n (q) = G F , where G = Sp 2n (K) or SO 2n+ν (K) (where ν = 1 or 2), and let V = V 2n+ν (K) be the natural module for G (where we set ν = 0 in the symplectic case). With respect to a suitable standard basis, G contains the following element x of order m:
To establish part (ii) of the proposition, it is sufficient to prove
We show this in the case where G = SO 2n+2 and leave the other similar cases to the reader. In this case,
Finally we prove part (iii), which amounts to showing
Indeed, this follows directly from Lemma 3.4 in the case where D = Sp 2kr ;
and in the orthogonal case Lemma 3.4 gives
, and so using Lemma 3.5 we have dim u
It is easy to see that kr > 
Hence (3.9) follows from (3.10), together with the following inequality: 
Lemma 3.6. We have
where ι(χ) ∈ {0, 1, −1} is the Schur indicator of χ.
We will also need the following extension of Theorem 2.5.
Proof
First note that given an irreducible character χ of SL n (q), the induced character χ ↑ GL n (q) has at most q − 1 irreducible constituents, each of degree at least χ(1); moreover, every irreducible character of GL n (q) occurs as such a constituent. Recall that
It follows that ζ
. Therefore it suffices to show that for s > 
Each nontrivial irreducible character of SL n (q) has degree at least cq n−1 , and hence ∆ 0 (s)
Hence it suffices to show that for s > 2 n−1 and
, which is true when s > 2 n−1 .
Proof of Theorem 1.1, part (i)
Define N 1 (Γ) as in Theorem 1.1. Suppose n ≥ N 1 (Γ) and q ≡ 1( mod m i ) for all i, and let G = SL n (q). For each i, let x i ∈ G be an element of order m i defined as in Proposition 3.2. Then
We claim also that if
To prove this, consider the centralizer of x i , as given in Proposition 3.2(ii). If n = km i with m i even and k odd, then
which gives (3.13). Otherwise, n = km i + s with 0 ≤ s < m i , and
which implies (3.13).
In order to make use of Lemma 3.6, define
, where ζ G is as defined in (2.1) and
By Theorem 2.5, ζ G (γ) → 1 as q → ∞ provided γ > 2 n , and this inequality holds by our assumption that n ≥ N 1 (Γ)
Using (3.13), it follows that there is a positive constant c such that |Hom C (Γ, G)| ≥ cq t , where
, and the conclusion of Theorem 1.1(i) follows.
Proof of Theorem 1.1, part (ii)
As usual let G = GL n (K) and G = GL n (q) = G F . Let m ≥ 2 and suppose q ≡ 1( mod m) and n ≥ m. The centralizers in G of elements of order m are Levi subgroups L = L F . Let L 0 = L F 0 be such a Levi subgroup of minimal order.
Let y ∈ G be an element of order m, and L = L F = C G (y). Then Theorems 2.1 and 2.2 show that for any χ ∈ Irr(G),
We now assert that if dim L > dim L 0 , then for large q,
To see this, note that obviously χ(1) < q
which establishes (3.15). Next we claim that
To derive the lower bound, observe that since L 0 is the centralizer of an element of order m, we have L 0 = r i=1 GL n i (K), where n i = n and r ≤ m. Hence
proving the lower bound. For the upper bound, write n = km + s with 0 ≤ s < m, and observe that For 1 ≤ i ≤ d, let y i ∈ G be an element of order m i , and let C i = y G i . Applying (3.14)-(3.16), we see that for any χ ∈ Irr(G) with χ(1) > 1,
from which we see that if µ > 2 and n − 1 ≥ d+16 4(µ−2) , then γ > 2 n−1 . So under these conditions (which are in the hypothesis of Theorem 1.1(ii)), for q sufficiently large we have
Adding in the contribution from the q − 1 linear characters of G, it now follows from Lemma 3.6 that
From (3.16) we have |C i | ≤ q n 2 1− 1 m i , and hence for large q,
To complete the proof of Theorem 1.1(ii), observe that |Hom(Γ, G)| is equal to the sum C |Hom C (Γ, G)| over all d-tuples C of classes of elements of orders m 1 , . . . , m d . The number of such classes is bounded by a function of n, so the conclusion of Theorem 1.1(ii) follows from (3.17).
3.3.
Proof of Theorem 1.3. First we prove part (i) of the theorem. This runs along similar lines to the proof of Theorem 1.1(i). As in the hypothesis of Theorem 1.3, let Γ be a Fuchsian group with m i odd for all i, and µ > t(Γ). Suppose n > N 3 (Γ) and q ≡ 1( mod 2m i ) for all i, and let G = G n (q) be one of the groups Sp 2n (q), Ω 2n+1 (q), Ω ± 2n+2 (q). For each i, let x i ∈ G be an element of order m i , defined as in Proposition 3.3, and let C i = x G i . Then for all χ ∈ Irr(G), Proposition 3.3(iii) gives
h (where h is the Coxeter number of G), so by Theorem 2.5, for large q the above sum is less than 2 . It now follows using Lemma 3.6 that
where c is a positive absolute constant. This completes the proof. Now we prove part (ii) of Theorem 1.3. As in the hypothesis, assume that all m i are odd and that µ > 2 and n > N 4 (Γ). Let G = G n (q) = G F , where G = G n (K) and K is algebraically closed. Suppose m ≥ 3 is an odd number such that q ≡ 1(mod 2m) and n ≥ m. Let y ∈ G have order m.
be such a Levi of minimal order. As in the proof of Theorem 1.1(ii), the inequalities (3.14) and (3.15) hold. We also claim as in (3.16 
To see this, note first that the upper bound is implied by the centralizer in Proposition 3.3. We sketch a proof of the lower bound for the case G = Sp 2n : for a Levi L = C G (y) as above, writing r = m−1 2 we have
and it is straightforward to see that the right hand side is at least 2n 2 +n m − 1, proving the lower bound in (3.18). Now let y i ∈ G be elements of order m i for 1 ≤ i ≤ d, and let C i = y G i . Then by (3.14), (3.15) and (3.18) ,
h . Now Theorem 2.5 shows that for large q, and a suitable function g(n),
This completes the proof of Theorem 1.3.
Deduction of Corollaries 1.2 and 1.4.
It is routine to deduce these corollaries from Theorems 1.1 and 1.3. We do this for Corollary 1.2 and leave the other very similar deduction to the reader. Let Γ, n and K be as in Corollary 1.2. First suppose K =F p , where p is a prime. Let V be the variety R n,K (Γ). For a power q of p, let V (q) denote the set of F q -rational points in V . Let f = dim V , let V i (1 ≤ i ≤ r) be the set of irreducible components of V of dimension f , and W i (1 ≤ i ≤ s) the irreducible components of dimension less than f .
Choose a power q 0 of p such that all V i and W i are defined over F q 0 . Then for q = q k 0 the Lang-Weil estimate [9] gives
Since there are infintely many powers q k 0 that are congruent to 1 modulo m i for all i, the conclusion of Corollary 1.2 now follows from Theorem 1.1, in the case where K =F p . It follows that it also holds for all algebraically closed fields of characteristic p. Finally it follows in characteristic zero as well, since it is well known that the dimension of a variety in characteristic zero coincides with the dimension of its reduction modulo p for all large primes p. Let G be an adjoint simple algebraic group of exceptional type over an algebraically closed field K of good characteristic p not dividing m 1 · · · m d . Let q be a power of p such that q ≡ 1(mod m i ) for all i, and let F be a Frobenius endomorphism of G such that G = G(q) = G F is a finite group of Lie type over F q . For each i define J m i (G) = {x ∈ G : x m i = 1}, and let
We will prove that there are positive constants c 1 , c 2 such that for sufficiently large q,
Just as in the previous subsection, this implies Theorem 1.8.
For the proof of (3.19), the following bounds on the dimensions j m i will be useful; they are taken from [13, Theorem 1] , bearing in mind that each m i ≥ 7 by assumption: First we establish the lower bound on |Hom(Γ, G)| in (3.19) . For each i, since q ≡ 1(mod m i ), there exists
The possible Levi subgroups L i (realising the maximal dimension j m i ) are given in the tables on pp.240-241 of [13] , and it follows using Theorem 2.3 that α(L i ) ≤ 1 6 , and also α(L i ) = 0 for G = G 2 . Hence by Theorem 2.1, provided q is sufficently large we have, for G = G 2 ,
and the same bound without the
It is easy to check that
as Γ is not virtually abelian). Hence Theorem 2.5 implies that the above sum tends to 0 as q → ∞. It now follows from Lemma 3.6 that for large q, 21) and the lower bound in (3.19) follows. Now we prove the upper bound on |Hom(Γ, G)| in (3.19) . For each i let y i ∈ G be an element of order m i . Since q ≡ 1(mod m i ) and m i is coprime to 30, hence is not divisible by a bad prime for G, it follows that
From the presentation of Γ it is clear that |Hom C (Γ, G)| ≤ |G| vg d−1 i=1 |C i |, and hence, provided d ≥ 2, there is a positive constant c such that
Also by Lemma 3.6 together with Theorem 2.1,
where h is the Coxeter number of G, then the upper bound in (3.19) follows by Theorem 2.5. Hence we may assume that
Recall our assumption that Γ is not virtually abelian, hence vg +
So we can assume that α(
, the possibilities for L 1 and consequent upper bounds for dim C 1 = dim G − dim L 1 are as follows:
In all cases we check using (3.20) (3.22) , this gives the upper bound in (3.19) .
. By Theorem 2.3, the possibilities for L 1 are as follows: 168  94  50  30  10 Again, we check using (3.20) 
this gives the upper bound in (3.19) . The upper bound in (3.19) is now proved, and the proof of Theorem 1.8 is complete.
Probabilistic generation of classical groups
In this section we prove Theorems 1.5 and 1.7. Let Γ be a co-compact Fuchsian group of genus g having d elliptic generators g 1 , . . . , g d of orders m 1 , . . . , m d , and define the measure µ = µ(Γ) as in (1.1). Recall that we set v = 2 if Γ is oriented and v = 1 if not; also we assume Γ is not virtually abelian, so that vg + d ≥ 3.
If vg ≥ 3 then Theorems 1.5 and 1.7 follow from [22, 1.6], so we assume throughout that vg ≤ 2.
4.1. Proof of Theorem 1.5. We assume the following bounds on µ and n, as in the hypotheses of Theorem 1.5:
Write D for the degree of the polynomial in q given by the right hand side, so that
is the probability that a randomly chosen element of Hom(Γ, G) is an epimorphism, so clearly
Hence the conclusion of Theorem 1.5 will follow if we show that
where c is a constant. In the rest of the proof we aim to establish (4.2). Define M 1 to be a set of conjugacy class representatives of the maximal subgroups M of G such that
and let M 2 to be a set of conjugacy class representatives for the remaining maximal subgroups. For i = 1, 2 let
Also |M 1 | ≤ c(n) log log q by [15, 1.3] . It follows that for large q,
Bounding Σ 2 takes more work. Let M ∈ M 2 , so that (n 2 −1)(1+
where c is a positive constant. Now w ≤ d < b 2 (recall we are assuming vg ≤ 2), and n > 2b by (4.1), so
(n 2 +n)+1 . (4.4) Observe also that the assumptions vg ≤ 2 and µ > 2 imply that d ≥ 3, from which it is easy to see from (4.1) that n ≥ 18.
According to the well-known theorem of Aschbacher [1] , the maximal subgroups of G fall into eight classes C i (1 ≤ i ≤ 8) of "geometric" subgroups, together with a class S consisting of subgroups that are almost simple modulo scalars, and act absolutely irreducibly on V = V n (q). For large q the subgroups in S have order less that q 3n by [14] . Furthermore, by inspection of the subgroups in C i (see [8, Chapter 4] ), the largest maximal subgroup in (n 2 +n) (this is attained for the symplectic group Sp n (q) when n is even). Hence it follows from (4.4) that M belongs to the class C 1 , which consists of the maximal parabolic subgroups of G.
So M is a parabolic subgroup of G. Write M = QL, where Q is the unipotent radical and L a Levi subgroup. Then L = G∩(GL r (q)×GL n−r (q)) for some r ≤ n 2 , and |Q| = q r(n−r) . Note that |G :
Assume first that r > N 2 (Γ). Then by Theorem 1.1(ii), for s = r or n − r we have
(4.7) Write dim Q, dim L for the degrees in q of the polynomials |Q|, |L|, and note
The degree of the right hand side of (4.7) is
Since we are assuming that µ ≥ Now assume that r ≤ N 2 (Γ). In this case (4.6) holds only for s = n − r (note that n > 2N 2 (Γ) by (4.1)), so
The right hand side has degree in q at most R, where
From the expression for D in (4.8), we have
As dim Q = r(n − r), this inequality holds if
and since r ≤ N 2 (Γ), this holds by (4.1). Hence (4.9) holds also when r ≤ N 2 (Γ). It follows that
Together with (4.3), this proves (4.2). This completes the proof of Theorem 1.5.
4.2.
Proof of Theorem 1.7. The proof runs along similar lines to the previous section, and we will omit quite a few details. As in the hypothesis of Theorem 1.7, assume that all the m i are odd, and that
Assume also that n > N 5 (Γ) (as defined in the preamble to the theorem), and let G = G n (q) be Sp 2n (q), Ω 2n+1 (q), or Ω ± 2n+2 (q) with n > N 5 (Γ) and q ≡ 1(mod 2m i ) for all i.
By Theorem 1.3, we have |Hom(Γ, G)| > cq D , where c is a positive constant and
(here, as in the previous section we write dim G for the degree of |G| as a polynomial in q). Let M 1 be a set of representatives of the conjugacy classes of maximal subgroups M of G such that
i −1 , and let M 2 to be a set of conjugacy class representatives for the remaining maximal subgroups. For i = 1, 2 let
Exactly as in the prevous section, we see that Σ 1 < q d− 1 2 for large q. Now let M ∈ M 2 . As in the previous proof we see that |M | is larger than the size of the largest irreducible maximal subgroup of G (which is at most |Sp n (q) S 2 | in the symplectic case, and at most |GL n+1 (q).2| in the orthogonal case). Hence M is in the class of reducible maximal subgroups of G. These are (A) stabilizers of non-degenerate subspaces, and (B) parabolic subgroups.
Consider first case (A). For notational convenience, we deal with the case where G = Sp 2n (q), the other cases being similar. In this case M = Sp 2r (q) × Sp 2n−2r (q) for some r < n 2 . Since n > N 5 (Γ) ≥ 2N 4 (Γ) by hypothesis, we have n − r > N 4 (Γ), and so Theorem 1.3(ii) gives
Hence we see that |Hom(Γ, M )| · |G : M | < q E , where
It follows that E ≤ D − 1 if and only if the following inequality holds:
(by hypothesis), so the above inequality holds provided
Since the left hand side is at least µ(4n − 7), the inequality holds as
Now suppose M is a maximal parabolic subgroup of G. Again, for convenience we just handle the case G = Sp 2n (q) and leave the very similar orthogonal cases to the reader. Let M = P r , the stabilizer of a totally singular r-space, where r ≤ n. Then M = QL, with unipotent radical Q and Levi subgroup L = GL r (q) × Sp 2n−2r (q). As in the previous section (4.5) holds.
Assume first that r > N 2 (Γ) and n − r > N 4 (Γ). Then Theorems 1.1 and 1.3 imply that |Hom(Γ, L)| < g(n)q d+1 |L| µ+1 , and so by (4.5),
) ≥ 1 by hypothesis, the above inequality holds provided nN 2 (Γ) > m 2 i + 2d + 4, which is true since n > N 5 (Γ). Hence in this case,
, we have n − r > N 4 (Γ), and so Theorem 1.3 gives
As dim Q = 2nr − ) ≥ 1 by hypothesis, the above inequlaity holds provided
This is true for r ≥ 2 since n > N 5 (Γ) ≥ σ 1 N 2 (Γ) + σ 3 + 2 (notation as in the definition of N 5 (Γ) before Theorem 1.7); and for r = 1 we check that (4.10) holds by putting in the exact value of dim Q. Hence in this case, we also have
(n 2 + n) and n − r ≤ N 4 (Γ), so the above inequality holds provided 
Probabilistic generation of exceptional groups
In this section we prove Theorem 1.9. As in the previous sections, let Γ be a co-compact Fuchsian group of genus g having d elliptic generators g 1 , . . . , g d of orders m 1 , . . . , m d , and define µ = µ(Γ) as in (1.1).
5.1.
A result for classical groups. For the proof of Theorem 1.9, we will need the following variant of Theorem 1.8 for classical groups of small rank.
Theorem 5.1. Let Γ be as above, and let G be a simple adjoint algebraic group of type A r (r ≤ 7), D r (r ≤ 7), B r (r ≤ 4) or C r (r ≤ 3) over an algebraically closed field K of good characteristic p. Suppose that m 1 · · · m d is coprime to 30 and also to p. Then
The proof of this theorem is runs along similar lines to that of Theorem 1.8, and rather than giving all the details we will sketch the proof for the case where G = D 7 and leave the other cases to the reader.
For the D 7 case we will need the bounds on α(L) for Levi subgroups provided by the next lemma.
, and let L be a Levi subgroup of G. 
In each case we list the unipotent class representatives of L and check that conclusion (a) or (b) holds.
Proof of Theorem 5.1 As stated above, we will just give the proof for the case where G = D 7 . This follows along the lines of Section 3.5. Let q be a power of p such that q ≡ 1( mod m i ) for all i, and let F be a Frobenius endomorphism of G such that G = G(q) = G F is a group of type D 7 over F q . For each i define J m i (G) = {x ∈ G : x m i = 1}, and let j m i := j m i (G) = dim J m i (G). We will prove that there are positive constants c 1 , c 2 such that for sufficiently large q, 
and note also that
, where h is the Coxeter number of G. For classes
, and it is easy to check thet α(L i ) ≤ 1 6 for all i. Hence we see as in Section 3.5 that (3.21) holds, giving the lower bound in (5.1). Now we prove the upper bound. For each i let y i ∈ G be an element of order m i , so that
, where L i is an F -stable split Levi subgroup of G. Let C i = y G i , C i = y G i and assume that dim C 1 ≤ · · · ≤ dim C d . Write C = (C 1 , . . . , C d ). As in (3.23) and (3.22), we may assume that 
5.2.
Proof of Theorem 1.9. This runs along similar lines to the proof of Theorem 1.5 in Section 4. Let G be a simple adjoint algebraic group of exceptional type over an algebraically closed field K of good characteristic p. Suppose that m 1 · · · m d is coprime to 30 and also to p. Let q be a power of p such that q ≡ 1 mod m i for all i, and let F be a Frobenius endomorphism of G such that G = G(q) = G F is a finite exceptional group of Lie type over F q . By (3.19) we have |Hom(Γ, G)| ∼ q D , where
Let k be the lower bound for j m i (G) in (3.20) , and define N = 3k − 2 dim G − 1, so that N = 139, 75, 41, 27 or 7, according as G = E 8 , E 7 , E 6 , F 4 or G 2 respectively. Now define M 1 to be a set of conjugacy class representatives for the maximal subgroups M of G such that |M | < q N + From the definition of N we check that N (vg + d − 2) + dim G ≤ D − 1. Also |M 1 | ≤ c log log q by [15, 1.3] , and it follows that for large q,
Now consider Σ 2 . By [16] , M 2 consists of the following subgroups: 
Now using the fact that dim G = dim L + 2 dim Q, we check that K ≤ D − 1, hence Σ 3 < q D− 1 2 , if and only if the following inequality holds:
The values of dim Q can easily be computed for each maximal parabolic, and the values of j m i (G) and j m i (L ) are given by [13] . From this information we compute that the inequality (5.8) holds in all but the following case: 
